ll. Quantum-classical coupling

classical



Classical mechanics

* Hamiltonian equations
dx/dt =p=V, H
dp/dt=-V V =-V H
Hamiltonian H =% |p|?+V

 Liouville equation for probability density
distribution f(t,x,p):

o f+p¢ V, -V, V¢ vV =0




Quantum mechanics

Schradinger equation

-'hi"#’ = Hy = (f%ﬁzi + V(z jn) W

ot

Density matrix
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plr,r  t)= fl,_ r.pple.tire.p)ylr. . tix.p)ax :;{p
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Von Neumann equation
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Semiclassical limit

If Vi(z)is SU"-,":."f.'.'i.-".’?l'."_'f" smooth, [Lions and Paul '93; Gérard, Markowich,

Mauser and Poupaud '97]

W — V,V.V,Wase— 0
Wigner equation (¢ — 0)
%H’ +p -V W -V, V.V,W=0
Classical Liouville equation

0 ' -
%f + P Vl_f o Y.l‘ ' V‘p.u’ = U




A quantum-classical coupling model (Jin-Novak)

m Classical-quantum coupling [Ben Abdallah, Degond, Gamba '02]
m Hamiltonian-preserving scheme [Jin and Wen '05]

ldea

1. Solve the Liouville equation locally.
2. Use the weak form of the conservation of energy
(H = constant) to connect the local solutions together.
3. Use a physically relevant interface condition to choose
correct solution.

Assumptions

1. Barrier width O(<).

2. Distance between neighboring barriers is O(1).
3. VVi(z)is O(1) except at barrier.

4. Barriers are mutually independent.




Interface condition (one dimensional)

Push
flz=.p~.t7)= Rt f(z*,pt t1)+T(¢g" ) f(zt, gt t1)
}‘f'— = —p
gt =pV14+2(V(z—) = V(zH))/|p~|?
m Lagrangian @ One-to-many function
Pull

fl zt p'*". tt) = Rlp™)f(z",p~,t7 )+ T(q )f(z",q .17

}’;_ = —‘1;_*'

g =pr/1+2(V(zt) - V(z7))/[pt?

m Eulerian & Many-to-one function




Liouville equation with singular coefficients

This interface condition allows us to solve Liouville
equations with singular coefficients.

f+H f,—H,f =0

 Weak solution not well-defined

* DiPerna-Lions renormalized solution for linear transport
with discontinuous (BV) coefficients does not apply



Solution to Hamiltonian System with discontinuous
Hamiltonians

« This way of defining solutions also gives a definition to the solution of the underlying
Hamiltonian system across the interface:

dx/dt= Hp, dp/dt=-H,

probability

« Based on this definition we have also developed particle methods (both deterministic
and Monte Carlo) methods



Implementation (one dimensional)

B Initialization

¢ Solve time-independent Schrédinger equation for
E = 5% (using transfer matrix method)
¢ Calculate T(p) and R(p) to get interface condition
B Liouville Solver

¢ Use finite volume method globally
¢ Incorporate interface condition at quantum barrier




Transfer matrix method

ay — — (g T TR ATFS N 1 2 £
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Transfer matrix M Mz
M, M.

as ayq myy miy2 ay

9 — M —

ba by ma1 maz) \ by
Scattering matrix S

by _g ap\ (1 (2 a\ —may [ mao 1/mos a
as bo ty 1o bo det M /mos mya/mao ba

M= P‘.’ll,-. o I'v'lg 'v"]




Scattering coefficients

Transmission and reflection coefficients
reflected current density

transmitted current density R
incident current density

T =
incident current density

Continuity equation

& ) L — on
=P +V . J=0 where J(x)=clm(yx:V)
Y x, . |
Wave incident from the left (a; =1, by = ry, ao = ¢; and by = 0)
ry — — ,A rll(l—lrl\“) r & (4
G J(z) = L, )
- ) 2 . A {' - 1 '_: L
(1 < 2 (’ 2| J 2

R=|nf* and T =,/ b=kl




Liouville solver

Liouville Equation

af B af dV Of
ot p@.r = dx Ox

Finite volume discretization of Liouville equation

n+l _ gn
'3] of!")

At

= _Pjarfz',; + (91'"";81). 3

where the cell average

o 1 ‘
fij = AzAp '/-/L:-'._, flx,p, tp) dzdp




Interface condition built into the numerical flux

Pull interface condition

fz++1 B R‘:qj:'f;_*_l i2—j T I'(q; )f(IEH!., .q;) for 7 > 0

o

f2+l 2.9 qu] 'fz+1 2 + T'::(I}' 'f‘l;+l  qj ) for 3 <0

o

where the incident g; = Piy/ 1 +‘-";+1 2 = Va1 2)/Pilpil.

We define f'12+1 5+ qj) as the cell average

_ 1 Y+rjz .
Fl25, 1 15 Q) = m—— / pflz7 ,  .p)dp
Z+1/2 })]A}) &_1/2 Z+41/2
where g4y /5 = Y p}il 5+ "z++1 —VZ12)- The integral is

approximated by a composite mid-point rule.




A step potential ( V(x)=1/2 H(x) )

plx)
[ =
I I
\\\
!

[S]
ra

pl(x)
- o
I

Position densities for the semiclassical Liouville (top) and Schrodinger (bottom)
solutions of Exampie 5.1. The Schrodinger solution shows ¢ = {a) 2007%, (b) 8001, (c) 320071
and (d) 1280071, The position density of Liouville solution exhibits a caustic near x = 0.08 and the

peak is unbounded. For the Schrédinger solution the peak reaches a height of 19 for the ¢ = 1280071

Fic. 5.1.

The plots are truncated for clarity.



Resonant tunnelling

Fic. 5.4. Detail of Fig. 5.9 showing position densities for the numerical semiclassical Liouville
and vorn Neumann solutions. The e shows the numerical solution for with 150 grid points over the
domain [-1.25,1.25). The solid line shows the “exact” Liouville solution and the von Neumann
solution using € = 0.002.
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Fic. 5.3. Position densities for the numerical semiclassical Liouvilie (top) and von Neumann
(bottom ) solutions of Example 5.3. The o in the Liouvilie plot shows the numerical solution for with
150 grid points over the domain [—1.25,1.25]. The solid line shows the numerical solution for 3200
grid points. The von Neumann solution is for £ = 0.002.



2D Interface condition

Pull interface condition

m /2

.‘f‘:“ibut-}"-:»ut-Hout::' Z/ _ R':_Hinl}"im‘-';-:;ut:'f':_xim}"in-Hin ) ‘?Min

_'T‘v

o

L ‘I2

-
+ [ T (Bin: Gin, Pout ) f (Xin. Gin, Bin) dbin

J=7/2

Push interface condition

v/2
f (Xin: Pin, Bn) = / R Hout; Pout. Gin) f (Xout, Pout, Bout) ’-'{H-:»ut
-7/2
v/2
+ / T (Fout: Jout, ﬂln :' f (Xout. Jout Hc»ut ) b, ut

J=7/2

I:W'ith 4,12 - }_)2 + 2AV )




Implementation

B Initialization

¢ Solving time-independent Schrédinger equation for each
E = 3p* and B,
¢ Calculate T(Bp; p, thn) and R(Bou: p.Bin ).

m Liouville Solver:

¢ Particle method
¢ Push interface condition




Scattering probabilities

KR

1 To

#-component to flux scattered across interface
incident flux

S(#; P, Hin:' e
Current density: J(z.y) = Im (F(.r. y)Vib(z,y))
Solution in C; for constant V;

W
Wiz, y) = / a;i(@)ePy\xosltysing) g i=12.
' -7
Flux _ . »
J(z,y)dy = / pla(8)|*(cosf,sin ) df
—_ \- . —

v




Scattering probabilities

For particle incident from left at angle &j,:

Uy (z.y) = Pz o8 B, +ysin by, ) + / r‘.y:“_—épl(.r cosf4ysin ) A6
J-m/2
ar'"gl:-l‘. Y :| — / ‘;':t'}:“‘.‘,iui.r cosd+4ysind) db
, s .~y p CO8B ¢ s o . .n P2 COS H
R(0;py.0) = |r(8)P——— and T(8;py.0) = [#(8) 22—
COS Hin Pq CO8 Hin

| Find »(8) and ¢(8) by solving Schrédinger equation in Q.




Quantum transmitting boundary method

KR A

1 Xo

Solve the Schrédinger equation

~ ~ )
= . ¢ ' ‘ . , , ‘ 5
——=WolT,y)———=volr. Yy .l+'_)‘ olx,ylvolx,y) =p
l.!.""' - (,u_' - - -

in Q with matching conditions

wolriy) = vz, u)
(8 ) _
—olziy) = —ti(zq, y) j=1,2
8} Or ’

We must eliminate unknowns »(#) and ¢(#) from boundary

|
conditions. But r(#) and #(#) are coupled by the integral.




Quantum transmitting boundary method

KR 4

1 To

Fourier transform of #» into momentum space (y + &)

a2
=

§ >
’7'."“

X
. Ay D ian , . % . » , , y ) _‘\".'o
Volx, EV+ny(E)balx. E)—2 Volz.yl(z.yle” ¥ dy =10
O\ S nA\S /Yo S A A g e
—

in Q with matching conditions

-

wolri, &) = iz, §)
o ¥
— A ) = — (. ) y — 9
—g(zj,§) = m=v5(x;, §). j=12
oxr Jxr

D s A ‘ -
where n{ (&) = p* — &°




Quantum transmitting boundary method

| S

.i'l ;Y‘Q
In Cy and Cs
- Y T v oy imiENz—x1) rey o —tmilENxr—xy)
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Eliminating the unknowns s1(£&) and s2(&) gives the mixed
boundary conditions

s
> ' C ' N ', — 'c-"-cr & \ . L .
mm (S)wo + F-ve = “aml& 10(E — Ein) at r = x4
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Quantum transmitting boundary method

EEE

1 To

After solving Schrédinger equation

.“l: H;p, Hin :0 = rgl _."1,}Mi11H :l : 1H; Hln

e ptin) = olzs. polp)ainb)

| We need to do this for every incident p and &;,.




Particle method

Initial conditions

N

fo(r) = olr)d(r — r)dr - h W. ﬁh (v — o)
Jolr | Lf (1 )A (7 r) dr fo E wid"(r —ry)
- -e :):l
dr dp
—— . — T — "
Solve = =P Ve

Push interface condition is one-to-many

Monte Carlo take a path randomly from
S(Oout: P, Fin)
Deterministic take all paths (binary tree)

Reconstruct density distribution with bicubic cutoff function




Circular barrier (Schrodinger with £=1/400)




Circular barrier (semiclassical model)




Circular barrier (classical model)




Diffraction grating:

2cos?(mx/2¢) cos?(y/4e), =€ (—¢,¢)
0, otherwise

V(:c,y) - {




Semiclassical




Semiclasical vs Schrodinger (¢=1/800)




Entropy

he semiclassical model is time-

Irreversible.
VZ VZ
>/’ VA A
1 VZ VZ

Loss of the phase information
cannot deal with interference




decoherence

V(X) = 3(x) + x?/2

Quantum ~__

semiclassical

\




A Coherent Semiclassical Model

Initialization:
 Divide barrier into several thin barriers B1 , B2 ..., B
« Solve stationary Schrodinger equation

— Y7 ! —
V. )

n

B

J
« Matching conditions

w:r =(’”1 tz)w: =S.1/J1_
vy |\t n )y, Ty,



A coherent model

» Initial conditions ~ ®(x, p,0) = +/ £ (x, p.,0)

» Solve Liouville equation
dd 0P od dV od
dt dt dx dx dp

* Interface condition
q)+

Jj-1

v;

CI);_1
(O

J

J

2

* Solution  7#(x, p,t) = ‘d)(x,p,t)




Interference

Define the semiclassical probability amplitude as

P(x.p,t) = m‘gie(m,p)

where 6(x. p) 1s the phase offset from the initial conditions ®(z.p,0) = / f(x, p,0).

Hence, if ®(x.p,t) is a solution to the Liouville equation for initial condition
$(x,p,0), then foon(x.p.f) 15 a solution to the Liouville equation for initial
condition feon(x.p, 0). Furthermore, for two solutions &4 and ®2 with f1 = |4 2
and fo = |‘I’2|2.

D1 4+ Ba|* = fi + fo+ 23/ 1 f2 cos(fy — ). (10)

For any two probability densities ¢y and ¢y with with py = [ f; dp = |1/4|? and
a N
p2 = [ fadp = [in]*,

2

|01 4+ Wa|T = p1 + p2 + 2\/p1p2 cos(By — Ba). (11)



The coherent model

« V(x) =0d(x)+ x2/2

Quantum ~__

semiclassical

\
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multiple delta barrier (Kronig-Penney)

decoherent model vs Schrodinger




multiple delta barrier (Kronig-Penney)
coherent model vs Schrodinger
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multiple delta barrier (Kronig-Penney)
average soln of coherent model vs Schrodinger
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Conclusions

semiclassical de-coherent and a coherent model
for quantum barriers; Computational cost is at
the level of classical mechanics (does not
numerically resolve the small De Broglie length)

Compute correctly partial transmission, partial
reflection, and phase information at the quantum
barriers

theoretical justification (Miller, Bal-Keller-
Papanicolaou-Ryzhik) ; More general (wide)
barriers

How to deal with (nonlinear) mean field models:
Hartree, Hartree-Fock, Density function theory



