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Uationsy(of. moenatemicigases)

—

__'f(t X,K)s probability density distribution
—  t: time X: position k: particle velocity
V(x) potential Q(f): collision operator
¢: dimensionless mean free path or Knudsen number
Properties (for elastic collisions):
conservations of mass, moment and total energy;
H-theorem (entropy condition)
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d*hydredynamics equaticaﬁf‘ —

—-—

SESEIVINENKINELIC EgUations are MUCh moere expensive than solving
HYCROEYAEMIC eguations

J Deﬁr"":- (six dimension + time)

> _iékpensive when mean free path (Knudsen number=mfp/

Syvicaldomainilength) is small

-
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Winetic (Boltzmann) E-qua‘t‘i’c'):n‘s' p—

BRBERRE 15 smalll(kn ~ 0.01), the
MOMENtS of fi solve the compressive Euler
Lereading order) or Navier-Stokes

—-—

B cquations ( to O() ) of fluid dynamics,

== except at initial, boundary or shock layers
- e \When ¢ is not small the fluid equations
are not valid, so one has to use the kinetic

equations




2 \/-er Sitenione needs to deal with
PHENOIIENS:

; _),)“ sershuttle reentry

; 4 8108 » 1 meters
;,.g_,- == fluid equations not accurate in boundary
= “layers, shock layers, high Mach numbers (hypersonic

flights)

= Different property of materials need

different physical laws at different scales
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PDOIEIN decompositionsmetnod™

PE—

SR eI AEComposItion methods are useful'in computation:
SOUPIIRGRORMICrOSEOPIC and macrescopic models: multiphysics simulation

Kinetic hydrodynamic

The difficulty is the interface condition: how to transfer data between different
scales—often no uniqgue solution; where to put the interface?




Mptotic preservingsmethods™

0 wa‘ Aot Kinetic and fuid reglmes
olvmg only the Kinetic equation
\,e\ Jen ¢ is small, and they

:»zsautomatlcally become a fluid dynamic
~  solver




SN GREOUP!ING With! macroscopic equations, thus
gyeIditherdifficulty: of interface condition/
WEaLMENtas in other multiscale methods

& ; ischemes take time steps and

E=esh sizes in the fluid regimes, thus are very
== fflClent even for small Knudsen number
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__;--wwhen >0, Q(f)>0, then

EJ]‘ sealing

-

mo‘;g
o= [f dk Mass
__.-.c = [k dk momentum
£ /2" [ |k]? f dk total energy

local Maxwellian

The moments 0, p U, E solve the compressible Euler equations
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Cal issues,when erisssmall

—-—

SN ITTIErGal SUTNESS: an expliit collision'term would
EgUITEATt=0(¢)

=] -ﬁCIt collision allows At to be independent of ¢, but

——
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Eventing the non-local collision term is numerically

= "'dlffICU”Z and expensive

—

® [Does the underresolved computation gives the correct
macroscopic solutions?




rical geal.. —

- frn,)l ILICOIISION that can'be solved explicitly (or
SaSVESHoNEErative Newton selvers):
Jnr rresolved time step

HIEmes capture the macroscopic behavior

= |thout resolving the small Knudsen number

—
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numerical scheme should preserve the discrete
analog of the Chapman-Enskog expansion
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ASYMPLotic preserving
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limiting equation f, original equation f,
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EeIgestimates (Golse-J-Levermore SINUMEQ’ )
iOIMINEaFtranSport INEIfUSIVE regime

2 C LJ:' |caI Error analy5|s

o5 f Asymptotlc preserving
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. This vields a uniform error estimate:
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DEVEIopment,of AP schemes

PRI ETISPOrand KINELIC equations
Larse;j:f erel-Miller"89; Coron-Parthame 91; Jin-Levermore 93, Caflisch-
J]nﬁ’&l?; 95, Jin-Pareschi-Toscani ‘00, Klar 00, Lemou-Miusseun ‘08

PEypErbolic systems with stiff relaxation

S

,‘ = m 1=Llevermore 95

5 8= \/[3050V- -type equations in plasmas and quasineutral
=~ limit

Crispel-Degond-Vignal ‘05 etc
® FEluid equations for uniform Mach number
Haack-Jin-Liu "09 Degond-Tang ‘09
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ANSImplEiexample off AP scheme: —
HYPEIPIICISYStem WitiElaxation Uim )

Ut +’UX 0

wtan = i f(u)

, _-_-' g' —+ 0,v — f(u), so the macroscopic equation is
- *':.’— —

_— == up + f(u)y =0
- To solve (1) (2), use forward Euler for convection, fully implicit source ter
and upwind scheme for convection, then when > — 0, the limiting scheme is t}
Lax-Friedrichs scheme for (3)

This is an AP scheme for (3)




ical nuTerical approach for the BGK ™
N{@oron-Perthame SINUM ‘915 — -

o

’pllttmg Separates the two scales

- o
-
ol

’-_- —

—— T epr|C|t scheme for (non-stiff) convection:
’ fo+ k¢ vV, f=0

e |mplicit scheme for stiff collision

f, = 1/e (M-f)
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ical approach e
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SRUISEN(ON=0sCIlIatory) snock Capturing methods for convection

> Implicit
(‘f”‘f‘ = 1/8 (Mn+1_fn+1)
gt g

= dieto

e
L ——

= e (an beeven solved
fn+1=(1_e-A t/s)Mn_|_ eA t/e fn




otic-preservingdas

S lFor 'lt'ne IMpPlGIE Hme discretization When =0, Withr At fixed,  the collision'leads to the
ocal Mz

rn - I’ Mn+1
z)l50) © .ru c for the exact solver

-

1o o g:lnto the convection step, and take moments
BIEIYELSIhE compressible Euler equation!

-
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— s AP (in'time)
—-"")\Q' -—

= ——
_‘ -

; J"' 1n space iffone uses upwind for linear convection, then
= When e>0, with A x fixed, one gets the * " for

the*Compressible Euler equations

thus




S~ |
SENEral collision operater™

GCIIMIEREXP]ICIt Y Solved
ERRNISTIIGHE
;Pareschi, Toscarn, '97.)
wha"rff collision: is not quadratic (quantum Boltzmann equation)?

_ QJr imiis to:find a simple way to integrate the nonlinear collision
== operator such that

= Uniform stability in terms of «
= 2. implicit collision can be handled as easily as the BGK operator

- 3. Asymptotic-preserving
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SREEliglZE thErNoRIINErrcolliSion operator by the

BERSOPErALor

() = [B(7) - ¢

|

exp

For a suitably chosen constant 3, this scheme will
be uniformly stable in ¢

(M=F)] +

|

ICIt implicit
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Fhernrand=-stability:an OBE ex%frﬁ?le p—

Corigiclar
B vl - povf
_)]'"r' iation
)/At—[\/f”+[3vf”] B v fntl

= T—B >5the scheme is
= 3@ ‘Unconditionally stable
—— 7). Converge to equilibrium: || 2+ || » |1-1/B] |||
-~ (so fiis driven quickly toward the local equilibrium f=0 for

)

p» 1 is the best choice
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AREXPlICIEImplicit,scheme forBoltZmann

(fn'r‘_dfn )/_\ t+k ¢ V il
= /¢ UL ) ¢ [5 (MP-fn]

Le =B(f7, f)-BOVr, M)/ ()

.3
-
"—-

- _-‘

= Illt—y reguires: p>1/2 sup [p, |. best choice: B » sup [B,] .

-
- -, —

_b.
:;.,.-c-an be made

—

» Taking the moments:
<fitifa > /At + V, ¢ <k f7 >=0
This defines M1, The rest is explicit!




L ENFADAX/C(NO dEPENdEnce on'e 1)
S0, then fitl SMn+L?
cal APSScheme requires that

For any f°, f" | M" = O(®) for any n, 1

A _namely any data will be projected to the local Maxwellian
In one time step.

This scheme does NOT have this property
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ANElated problem: Hyperbolic
Systems with RElaxations

The relaxation term R; R« R is dissipative in the sense of [12:
(1.12) R <0,
It possesses & unique local equilibrium, namely, R{u, v) = 0 implies v = g(u). At the local equilibrium,
one has the macroscopic system
t + filu, glu))e = 0.
This system can be derived by sending £ — 0 in (1.11), the so-called zero relaxation limit (/12]).
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ANPAP APProXImation s

(;nol rn

T } fllf["".l"n:l: 0,

‘.-ml "l |
—— H AUV )r =-[RUVT) + BV - g(UT))

thus if
1
8 > ssup|&R|,
there exists a constant C, and 0 < r < 1 such that

'3 AL
]“.n +1 g': L‘vn +1 :.] < C - ’iAz Ly ‘.-.'l gllj" :. i

From here it is easy to see that

(o sAL

‘..n ¢ ':Un l[ < -
1 —-res+4 8At

g(U”)
This clearly gives

(3.4) L

If ¢ £ >> 2, then for any VO, there exists an N(*) such that
Vi g(U") =OC) foranyn, N
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fiE*classical.methoedsps

LJn' gl penalty
Q™) = uf™) + uf™.

o™ & (M + vl ™ - M),

If ¢ £ >> ?, then for any V0, there exists an N(*) such that
Vi g(U") =O(¢t) foranyn, N
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NEESImilar preof for Beltzmann™"
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Spydticidiscretization —

SNigeNighrresolution upwind discretization Is
USEENOr convection, then as e>0,

BONIE Gets a high resolution
* or Euler.

—
e
—
— "
’

—

'AP IS space discretization!
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SONSISIENCY torthe ,N_avier-Stoke&@J'JatiOnf'

-

SHEPITIENEENSKO] expansion (fix At) =
sopressible Navier-Stokes equations
SO(AL)

——

~ to capture the N-S solution one needs At << ¢
(similar for Ax)

Consistency error to Boltzmann: O(A t / ¢)
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HIGHEROTAE IMEXstinge descrizationpus s

SESECONE Order Implicit-Explicit scheme

Q(f*) — P(f*) P(f™) + P(f™+1)
3 . 2: '

same AP property can be proved




NmEsicallexamples: Sod shockilive

- o
—

1
o9
o8
07
06
05
04
W

s/
VAN

03
temperatire T heat flux Q R

02

1] 02 04 04 086
(3) (4)

FIGURE 3. Sod tube problem (z = 102}, dots (x) represent the mumerical solution
obtained with our second order method (2.3) and lines with the Runge-IKutta method:
evolution of (1) the density p, (2) mean velocity #, (3) temperature 7' and (4) heat
flux @ at time ¢ = 0.05, 0.1, 0.15 and 0.2.




: g=10

=005 ] " ‘
i, | =016

temperatire T - heat flux Q
02 D4

(4)

1] 02

FIGURE 4. Sod tube problem (z = 10=2), dots (x) represent the numerical solution
obtained with our second order method (2.3) and lines with the Runge-Kutta method:
evolution of (1) the density p, (2} mean velocity =, (3) temperature 7' and (4) heat

flux @ at time ¢ = 0.05, 0.1, 0.15 and 0.2




Valiale cienc [ 107 dime

08

0.7

08 .
compressible

0.5 } Navier—Stokes
regime

04
03
0.2
0.1

0
04

| —

0 Initial data not in local Maxwellian:

=20
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FIGURE 7. Mixing regime problem (cq = 1072), comparison of the numerical solution
to the Boltzmann equation obtained with the AP scheme (2.3) using n, = 50 (dots
x) and n, = 200 poiuts (line): evolution of (1) the density p, (2) mean velocity wu, (3)
temperature 7" at time ¢ = 0.25, 0.5 and 0.75.
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PErapplications

EESIIFODES
2 Hy grbolic systems with stiff relaxation
80V ¢ F(U) = 1/¢ S(U)

= SiHigh order parabolic equations

=== Any dynamic system with one, stable local
eqgualibirum
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ANiIenlinEar Fokker-Planck Sguation =
(Carrillo-kesezlg).

J .,;‘ribe d Porous meditm

Entropy condition:

H(f)= /[||ftz)+
R?

dHtjo
/ flt,v) t+
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PUImplicit-Explicit secheme

~ o Numerical example: m=3,

N 1 |
fow)= 32 D 15 Lsm (2= k)

1€{1,2} ke{0.....n—1}




OIVERYENCEN N time towards:localiyexivellian

i

Tevel set of numerical solufion, t level set of

level setof mumerical solution, £= 0. level serof

level serof mumrical

FIGURE 8. Nonlinear Fokker-Planck solution: ence toward equilibrinm
(Barenblatt-Pattle distribution) ol 1 with the first order method (2.2) using
00 at time ¢ = 0.1, 0.4, 0.8, 1.0, and 4 with a e time step.
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BONVEIYENCEN time towards: localiaxiWellian

————

Time evolurion of the numerical —At=0.001 T At=0.001
entropy H(f) = At=0.02 Va == A =002
2: 4 o2f , A
Hf| | D
L : Ly £ -
%
£
\
[ —] 24} \ 4 Ty 4
[ Y #
= - e h / - -
—— . . =l Time evolution of the numerical
_— - F ‘043, - - "-l . . . A
—— e enmopy dissipation D(f)
c AL 1 L AL 1 1 A 1 1 1 ' 1 ' 1
= s 1 15 2 23 3 3s < 0 cs 135 2 25 35 -

FIGURE 9. Nonlinear Fokker-Planck solution: convergence toward equilibrinm
( Barenblatt-Pattle distribution) obtained with the first order method (2.2) using
1, = 100 with At = 0.02 and 0.001.
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Oteapplications and-extensions™

-

e uilerderrnonlinear prabolic eqguation:
HIWEESHU
fﬁte-CarIo Implementation
|5erator splitting + exact BGK integrator):
~ Pareschi
-- quantum Boltzmann equation (Hu-J)
-- | andau-Fokker-Planck (J-Yan)

-"
—




PVIRESYITIPLOLICPIESERVING fraMEWOrK IS presented
ipIAeRIINEar Kinetic equations and related
PIOWIEMS Wit stiff sources:

—d i
——
—l

=11 terms of implicit collisions, all one needs is to
— 5plve a BGK type collision operator (which can
be implemented ) : simple and general!




