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A multi-scale multi-lane model
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We consider a first order macroscopic multi-lane model [1, 2] of the form

(1)

∂tρj + ∂xFj(ρj) =
1

τ
(Sj−1(ρj−1, ρj)− Sj(ρj , ρj+1)) ,

ρj(0, x) = ρ0j (x),

x ∈ R, t ≥ 0,
j = 1, . . . ,M.

Above, M is the number of lanes on the road, ρj : [0,+∞[×R → [0, Rj ] is the vehicle density on lane j, Fj(ρj) = ρjvj(ρj)
is the flux function and the average speed vj = vj(ρj) : [0, Rj ] → [0, Vj ] is a decreasing function such that vj(0) = Vj
and vj(Rj) = 0, so that Fj is concave. The source terms Sj account for mass exchanges form lane j to lane j + 1 (setting
S0 = SM = 0), scaled by a relaxation factor 1/τ ∈ R+.

To account for the presence of a moving bottleneck [3, 4] in lane j, we let y : [0,+∞[→ R be its trajectory. The coupling
with (1) is realized though the following microscopic ODE and constraint:

ẏ(t) = min{u(t), vj(ρj(t, y(t)+))}, t > 0,(2a)
y(0) = y0,(2b)
ρj(t, y(t)) (vj(ρj(t, y(t)))− ẏ(t)) ≤ 0, t > 0,(2c)

where u : [0,+∞[→ [0, Vj ] is the bottleneck’s maximal speed.

We investigate the well-posedness of (1)-(2) and the relaxation limit as τ → 0.
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