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We seek approximations of solutions to a one-dimensional system of strictly hyperbolic conservation laws defined on a space-
time cylinder ΩT := [0, T ]× Ω with Ω ⊂ R,

ut(t, x) + f(u(t, x))x = 0, (t, x) ∈ ΩT

u(0, x) = u0(x).
(1)

Here u : ΩT → D ⊂ Rm denotes the conserved quantity, f ∈ C2(D,Rm) the flux function and u0 ∈ L∞(Ω,D) is the initial
condition.

In practice, solutions of systems of hyperbolic conservation laws turn out to be of heterogeneous nature: in some regions solutions
are smooth whereas in other regions discontinuities may occur. Thus, numerical simulations of these systems profit from adaptive
mesh refinement avoiding waste of time and resources. To obtain a dynamic grid adaptation strategy we focus on rigorous a-
posteriori error estimators. In general, this is a difficult task since there are no stable variational formulations for systems of
hyperbolic PDEs yet developed. The recent, seminal work by Bressan and coauthors, [1], presents a novel estimator for one-
dimensional systems of hyperbolic conservation laws on space-time slabs. In this work a local bound on the error is presented
that is zero whenever the solution is exact.

We consider first-order finite volume schemes. Let the space-time domain ΩT be discretized by grid points (tn, xj) where
j ∈ {1, . . . , J} and n ∈ {1, . . . , N}. We denote the corresponding time-steps by ∆tn+

1
2 := tn+1 − tn and cell widths by

∆xj+ 1
2
:= xj+1 − xj . Finite volume schemes approximate the solution in each cell by spatial averages

ûnj+ 1
2
:=

1

∆x

∫ xj+1

xj

u(tn, x) dx,

that evolve in time on each time level tn where û0 consists of piece-wise averages of the initial condition u0. The conservative
form of the time-evolution of these spatial averages is given by

(2) ûn+1
j+ 1

2

= ûnj+ 1
2
− ∆t

∆x

(
f̂nj+1 − f̂nj

)
,

where f̂nj := f̂(ûj−1, ûj) : D × D → Rm is the numerical flux that approximates f at the discontinuity xj . Note that, for the
sake of brevity, we are going to impose periodic boundary conditions in the following, i.e. u(t, x0) = u(t, xN ) for all t ∈ [0, T ].

We divide the space-time cylindrical domain ΩT into rectangular space-time cells ΩT =
⋃
j,nK

n
j . Each cell has vertices

νml := (tm, xl) with m ∈ {n, n + 1} and l ∈ {j, j + 1}. As in [1] we define the numerical solution on the whole domain ΩT .
We assume that the finite volume solution in the interior of Kn

j is constantly extended with the value of the earlier time level,
i.e. for (t, x) ∈ (tn, tn+1)× (xj , xj+1) we have û(t, x) = ûn

j+ 1
2

.
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Let the set of edges of Kn
j be denoted by E

(
Kn
j

)
, where

E
(
Kn
j

)
:= {Sj,±, Sn,±},

Sj,+ := νnj ν
n+1
j , Sj+1,− := νnj+1ν

n+1
j+1 ,

Sn,+ := νnj ν
n
j+1, S

n+1,− := νn+1
j νn+1

j+1 ,

(3)

and the signs indicate negative or positive limits in the normal direction, since the values of the approximate solutions might
jump at a cell interface. The limits in (3) are set to the interior side of the space-time cell Kn

j .

In [1] estimates of the L1-error for first-order finite volume schemes for Cauchy-problems are presented provided that, among
other conditions, the weak residuum of the numerical solution can be bounded by the total variation of the solution and other
quantities, cf. condition Pε therein. These estimates are based, among others, on the weak residua on slices [τ, τ ′] × R that
cannot be split into single cells directly. The idea presented here is to localize the weak residuum and to find its inexpensively
computable formulation that can be used as the basis for a local error estimator of a first-order finite volume scheme. In addition,
the condition Pε enters various estimates in the analysis of the L1-error presented in [1] that can be applied onto the localized
version.

The construction of a local version of the weak residuum on a space-time cell Kn
j requires fluxes at the edges Sj,+ and Sj+1,−.

The most natural choice is to assign the corresponding numerical fluxes there. Thus, the local weak residuum operator on Kn
j is

defined as

Bnj : L1(Kn
j )×W 1,∞(Kn

j ) → Rm,

Bnj [û, φ] :=
∫ xj+1

xj

ûnj+ 1
2
φ(tn, x) dx−

∫ xj+1

xj

ûn+1
j+ 1

2

φ(tn+1, x) dx

+

∫
Kn

j

ûnj+ 1
2
φt(t, x) + f(ûnj+ 1

2
)φx(t, x) dx dt

+

∫ tn+1

tn
f̂nj φ(t, xj) dt−

∫ tn+1

tn
f̂nj+1φ(t, xj+1) dt

(4)

where φ ∈ W 1,∞(Kn
j ) are test functions and f̂ numerical fluxes. Note that for a fixed finite volume solution û the operator

Bnj [û, · ] is linear. The local a-posteriori error estimator is then recovered as an expression of the local weak residuum

(5) ηnj (û) := sup
∥ψ∥

W1,∞(Kn
j )

=1

∣∣Bnj [û, ψ]∣∣ .
together with a measure for the oscillation of the solution in the cell. In order to compute η we construct a specific set of test
functions ψ that preserve the suprema of B on W 1,∞. Next, we prove that the local L1-error is bounded by η for first-order finite
volume approximate solutions and, in addition, investigate the decay rates of the estimator. Finally, we propose an algorithm for
evaluation of η and employ the equal distribution strategy, see [2], to construct an adaptive scheme.
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