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1 The Mathematical Model

We consider a mathematical model, which describes sedimentation in dilute suspensions of rod-like particles. The model was
derived by Helzel and Tzavaras [4] and is based on work of Doi and Edwards [1]. In non-dimensional form, the multiscale model
is given as

(1)

∂tf +∇x · (uuuf) + ∇n · (Pnnn⊥∇xxxunununf)−∇x · ((I +nnn⊗nnn)eee3f)

= Dr∆nf + γ∇x · (I +nnn⊗nnn)∇xf,

σ =
∫
Sd−1(dnnn⊗nnn− I)fdnnn,

Re (∂tuuu+ (uuu · ∇x)uuu) = ∆xuuu−∇xp+ δγ∇x · σ − δ
∫
Sd−1

fdnnneee3,

∇x · u = 0.

The probability distribution function f = f(t,xxx,nnn) models the time-dependent probability that a rod with center of mass at the
macroscopic position xxx ∈ Rd has at time t ∈ R+ an axis in the area element dnnn, where nnn ∈ Sd−1 is a director on the unit sphere
embedded in Rd. The physical application we are interested in assumes d = 3. uuu(xxx, t) describes the velocity and p = p(t,xxx) the
pressure of the solvent. Experimental work of Guazzelli et al. [2] shows that the interaction between particles and fluid leads to
complex flow structures, for example the clustering of sedimenting particles of an initially well stirred suspension.
A direct numerical simulation of the coupled model (1) is cumbersome due to the high dimensionality of the problem. Therefore,
we develop a new numerical method which is based on a hierarchy of moment equations derived from the full model.

2 Hierarchy of Moment Equations for Shear Flow

In order to simplify the studies, we restrict our considerations to a simplified model on S1 for a shear flow problem. We assume
f = f(t, x, θ) and uuu = (0, 0, w(t, x))T . For γ = 0 and an equilibrated flow, we obtain the coupled system of the form

(2)
∂tf + ∂θ(wx cos2 θf)− ∂x(sin θ cos θf) = Dr∂θθf,

Re∂tw = ∂xxw + δ

(
ρ̄−

∫ 2π

0

fdθ

)
.

We define the quantities

ρ(xxx, t) :=

∫ 2π

0

f(xxx, t, θ)dθ, Cl(xxx, t) :=
1

2

∫ 2π

0

cos(2lθ)f(xxx, t, θ)dθ, Sl(xxx, t) :=
1

2

∫ 2π

0

sin(2lθ)f(xxx, t, θ)dθ, l = 1, 2, ...
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For the shear flow problem (2), we obtain the following infinit system of moment equations

(3)

∂tρ = ∂xSl

∂tCl =
1

4
∂x(Sl+1 − Sl−1)− l

2
wx(Sl−1 + 2Sl + Sl+1)− 4l2DrCl, l = 1, 2, ..

∂tSl =
1

4
∂x (Cl+1(x, t)− Cl−1) +

l

2
wx (Cl−1 + 2Cl + Cl+1)− 4l2DrSl, l = 1, 2, ...

In practical computations we need to consider a fixed number of moment equations, i.e. we use l = 1, ..., N . In order to close
the system, we set CN+1 = SN+1 = 0. The system of moment equations allows us to approximate the high dimensional
scalar Smoluchowski equation with a lower dimensional system of partial differential equations. While the original system is a
time-dependent partial differential equation in space and orientation, the system of moment equations depends only on space and
time. In addition, we can adaptively adjust the level of detail used in the mathematical model and the numerical method. The
closed system of moment equations is considered together with the flow equation

(4) Re∂tw(xxx, t) = ∂xxw + δ(ρ̄− ρ(xxx, t)).

3 Hyperbolic Structure of the One-Dimensional System of Moment Equations for Shear Flow

The system of moment equations can be written in the form

(5) ∂tQ(x, t) +A∂xQ(x, t) = φ(Q(x, t)),

where Q(x, t) = (ρ, C1, S1, ..., CN , SN )T represents the vector of moments and A ∈ R(2N+1)×(2N+1) has the components

a1,3 := −1, a3,1 := − 1
8 ,a2(N−j)−2,2(N−j)−2 · · · a2(N−j)−2,2(N−j)+1

...
...

a2(n−j)+1,2(N−j)−2 · · · a2(N−j)+1,2(N−j)+1

 :=


0 0 0 − 1

4
0 0 1

4 0
0 1

4 0 0
− 1

4 0 0 0

 j = 0, ..., N − 2.

All other entries are equal to zero. To proof the hyperbolicity of the moment system (5) for general N , we use a similarity
transformation.

4 Numerical Discretisation of the Moment System

A splitting method is used to split the macroscopic flow equation (4) from the discretisation of the moment equations (5). The
standard approach to approximate systems of the form (5) is to use an operator splitting approach which separately solves the
homogenous hyperbolic system ∂tQ(x, t) + A∂xQ(x, t) = 0 and the system of ordinary differential equations ∂tQ(x, t) =
φ(Q(x, t)). We use LeVeque’s Wave Propagation Algorithm, see for example [6], to solve the hyperbolic system with a high-
resolution finite volume method. Strang splitting is used to incorporate the source term. We compare the discretisation of the
lower dimensional model with a direct numerical method for the full model (2) and show that the hyperbolic system of moment
equations can be interpreted as an approximation of the original problem.

In [5], we also derive a hierarchy of moment equations for a two-dimensional flow problem. We use a similarity transformation
to proof that the two-dimensional system of moment equations is hyperbolic.
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