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Two-dimensional incomplete Riemann solvers for shallow
water systems with topography and dry areas
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A second-order genuinely two-dimensional class of finite volume methods is proposed for hyperbolic nonconservative systems,
with special attention given to the solution of shallow water systems with topography and dry areas. Two-dimensional features
are included in the solver through the solution of 2D Riemann problems at the vertices of the computational cells, following the
ideas in [1, 4, 5].

The methods are based on incomplete two-dimensional Riemann solvers, for which only a bound on the maximal speeds of
propagation in the coordinate directions is needed. Moreover, the amount of numerical diffusion can be easily controlled by
appropriate choices of the numerical viscosity matrices [2, 3, 4].

Departing from the schemes previously introduced by the authors in [5], which were unable to handle the appearance of dry
areas in the computational domain, we have adapted them to correctly handle the existence of wet-dry transitions, which may
be present in the initial condition or may appear as the fluid evolves. This is not a trivial task, as many difficulties appear
when coupling the one- and two-dimensional fluxes arising at edges and vertices, respectively. On the other hand, the proposed
schemes maintain their well-balancing properties also in the case of stationary solutions containing dry areas [6].

Several numerical tests including genuinely two-dimensional effects and the appearance of dry areas are presented to test the
performances of the proposed schemes. An efficient GPU implementation allow us show that, in general, 2D Riemann solvers
are more efficient than their 1D×1D versions.

Acknowledgements

This research has been partially supported by the Spanish Government Research project RTI2018-096064-B-C21. Thenumerical
computations have been performed at the Laboratory of Numerical Methods of the University of Málaga.

References
[1] D.S. Balsara. A two-dimensional HLLC Riemann solver for conservation laws: application to Euler and magnetohydrodynamic flows. J. Comput. Phys.,

231 (2012) 747–7503.

[2] M.J. Castro, E.D. Fernández-Nieto A class of computationally fast first order finite volume solvers: PVM methods. SIAM J. Sci. Comput., 34 (2012)
A2173–A2196.

[3] M.J. Castro, J.M. Gallardo, A. Marquina A class of incomplete Riemann solvers based on uniform rational approximations to the absolute value function
J. Sci. Comput., 60 (2014) 363–389.

[4] J.M. Gallardo, K.A. Schneider, M.J. Castro On a class of two-dimensional incomplete Riemann solvers. J. Comput. Phys., 386 (2019) 541–567.

[5] K.A. Schneider, J.M. Gallardo, D.S. Balsara, B. Nkonga, C. Parés Multidimensional approximate Riemann solvers for hyperbolic nonconservative systems.
Applications to shallow water systems J. Comput. Phys., 444 (2021) 110547.

*UFMS / UFRN, Brazil. Email: kleiton.schneider@ufms.br
†Universidad de Málaga, Spain. Email: jmgallardo@uma.es
‡Universidad de Córdoba, Spain. Email: cescalante@uco.es

1



Figure 1: Test: 2D Riemann problem with a emerged bump. Countour plots of the interface on a 400×400 meshgrid. Left:
2D HLL scheme; center: 2D PVM scheme based on a polynomial of eight degree; right: 2D RVM scheme based on a rational
function of of degree 8/8.
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