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Euler equations in fluid dynamics: Good and bad news

Eduard Feireisl *

We discuss some recent results concerning the Euler equations of compressible fluid flow. For the sake of simplicity, we focus
on the isentropic case:

∂t%+ div(%~u) = 0,

∂t(%~u) + div(%~u⊗ ~u) +∇p(%) = 0,

where the pressure is related to the density by the isentropic equations of state,

p(%) = a%γ , a > 0, γ > 1.

0.1 Continuity in time of weak solutions

There is a number of negative results concerning the well posedness of the Euler system in the class of weak solutions. Most of
them based on the recent development of the method of convex integration in the framework of fluid mechanics due to the series
of works of De Lellis and Székelihydi and others. Here, we focus on the continuity in time of the weak solutions necessary for a
meaningful definition of the initial data. For definiteness, we consider the space periodic boundary conditions,

x ∈ Ω = Td, d = 2, 3.

The results however hold for the physically more realistic impermeability condition

~u · ~n|∂Ω = 0,

where Ω ⊂ Rd is the physical domain occupied by the fluid.

The weak solutions of the Euler system satisfy

[%, (%~u)] ∈ Cweak([0, T ];Lγ(Ω))× L
2γ

γ+1 (Ω;Rd)).

This results is sharp in the class of weak solutions, meaning for any initial data

%(0, ·) Riemann integrable in Ω,

%~u(0, ·), div(%~u)(0, ·) Riemann integrable in Ω, %~u(0, ·) · ~n|∂Ω = 0,

and any countable set of times {τi}∞i=1 ⊂ (0, T ), the Euler system admits infinitely many weak solutions that are not strongly
continuous at any τi. In addition, these solutions satisfy the energy inequality

d

dt

∫
Ω

[
1

2
%|~u|2 + P (%)

]
dx ≤ 0, P (%) =

a

γ − 1
%γ ,

see [1].
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0.2 Measurable semigroup selection

Despite the number of ill–posedness results, there is a semigroup selection of suitable generalized solutions to the Euler system.
The generalized or dissipative solutions satisfy the following system of equations in the sense of distributions:

∂t%+ div(~m) = 0,

∂t ~m+ div

(
~m⊗ ~m

%

)
+∇p(%) = −div R,

together with the energy inequality∫
Ω

[
1

2

|~m|2

%
+ P (%)

]
(τ, ·)dx+ E(τ, ·) ≤

∫
Ω

[
1

2

|~m|2

%
+ P (%)

]
(0, ·)dx,

whereR ∈ Rd×dsym , andR ≥ 0, ∫
Ω

trace[R] dx ≤ C E.

The Euler system admits a measurable semiflow selection in the class of dissipative solutions. Specifically, we consider three
state variables (%, ~m) together with the augmented energy

E =

∫
Ω

[
1

2

|~m|2

%
+ P (%)

]
dx+ E

as functions of the time t ∈ [0,∞). Then there is a Borel measurable mapping

S : t ≥ 0, (%0, ~m0, E0) 7→ (%(t, ·), ~m(t, ·), E(t))(%0, ~m0, E0),

such that
S[0; %0, ~m0, E0] = (%0, ~m0, E0), S[t+ s; %0, ~m0, E0] = S

[
s;S[t; %0, ~m0, E0]

]
, s ≥ 0.

For more details, see [2].

0.3 Euler system as vanishing viscosity limit, relevance to models of turbulence

Consider the Euler system

d%+ div(%~u)dt = 0,

d(%~u) + div(%~u⊗ ~u)dt+∇p(%)dt = ~F (%, ~m)dW,

driven by a stochastic forcing. We address the question, to which extent solutions of the Euler system can be “statistically
equivalent” to the inviscid limit of the Navier–Stokes system

∂t%+ div(%~u) = 0,

∂t(%~u) + div(%~u⊗ ~u) +∇p(%) = µ∆~u+ λ∇div~u, µ, λ↘ 0

past a convex obstacle in R3. See [3] for details.
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