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In their celebrated paper of 1989, DiPerna and Lions [2] proved a "folklore lemma" on the commutator of multiplication by a
(W 1,β(Rd))d function and mollification by a standard Friedrichs mollifier, acting on a function u ∈ Lploc(Rd). This result has
fundamental in establishing many results for the existence and uniqueness of renormalised solutions in transport type equations
for rough coefficients since, and remains important today (see, e.g. [1] and the works cited in and then inspired by it).

Convolution of a transport-type equation understood in a weak sense in the spatial variables against a standard Friedrichs mollifier
allows us to understand that equation pointwise in space, for functions that, having been mollified, are smooth. This procedure
makes permissible many back-of-the-envelope calculations that would otherwise be unjustified. Commutators are introduced as
error terms in the process of mollification to preserve the transport structure of the equation, which must then be controlled.

Consider now a stochastic PDE with transport type noise, i.e., noise of the form∇· (σ(x)u)◦dW , where u is the unknown and σ
is a given, sufficiently smooth function, and W is a standard Brownian motion. Just as a transport structure in a PDE necessitates
the commutator estimate of DiPerna–Lions, controlling a transport-type Stratonovich noise into an Itô type equation requires
double commutator estimates. This was encountered in Punshon-Smith–Smith’s work on a stochastic Boltzmann equation under
a divergence-free condition on σ [5]. In a recent joint work with H. Holden and K.H. Karlsen on stochastic Hunter–Saxton
and Camassa–Holm equations, we had again to control this double-commutator without a divergence-free condition, but in one
spatial dimension [3, 4].

In this talk, I shall report on some results concerning higher order commutator estimates without the divergence-free condition,
in the context of a stochastic nonlocal water wave equation.
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