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Shock profiles for fluid-particles flows

Thierry Goudon∗, Pauline Lafitte†, Corrado Mascia ‡

Particle-laden flow is a class of two-phase fluid flow composed by a carrier phase and a disperse phase, constituted by small, im-
miscible and dilute particles. Such flows occur in many natural phenomena and industrial processes: snow and rock avalanches,
desert sandstorms, dispersions of pollutants, pollen and allergens in air, aerosols in respiratory flows, fluidised beds, fuel injector,
chemical reactors, internal combustion engines, just to name a few.

The broad variety of applications, and the wide range of scales involved in these situations, make it difficult to develop a unified
framework. Two main viewpoints have been adopted to model such flows. The so-called Eulerian approach considers all phases
as a continuum so that one is led to hydrodynamic systems for the densities and velocities (at least) of the disperse phase and
the carrying phase. In contrast, the Lagrangian approach describes the particles by means of their distribution function in phase
space, the evolution of which is coupled to a hydrodynamic model, based on either Euler or Navier-Stokes equations, for the
carrier fluid. This defines a fluid-kinetic framework for describing the laden flow under consideration. In both cases, the coupling
is mainly achieved through the drag forces exerted by a phase on the other, which induces momentum exchanges between the
two phases. A valuable approach consists in bringing out connections between these different settings, following the derivation
of fluid equations from the kinetic equations of gas dynamics.

An alternative to the continuum approach describes the disperse phase by means of a Fokker-Planck equation for the particle
distribution function

∂tfε + v∂xfε =
1

ε
∂v {(v − uε)fε + θ∂vfε} .

The unknown fε = fε(t, x, v) is the particle distribution in phase space: t, x and v are respectively the time, position and space
variables. The parameter θ –interpreted here as a temperature– is a fixed positive quantity: it is associated to fluctuations of the
particles’ velocities. The term ∂v {(v − uε)fε} describes the drag force exerted on the particles by the surrounding fluid and it is
assumed to be proportional to the relative speed between the two species. Taking zero-th and first order moments over velocity
variable gives the apparent mass density of particles and momentum of the disperse phase

ρε(t, x) =

∫
fε(t, x, v) dv, Jε(t, x) =

∫
vfε(t, x, v) dv.

This equation is coupled to a balance law for the momentum of the carrying phase

∂t(nεuε) + ∂x
{
nεu

2
ε + p(nε)

}
=

1

ε
(Jε − ρuε),

where nε and uε are, respectively, the mass density and the velocity field of the fluid. The right hand side accounts for the
back-friction force exerted by the particles on the fluid. If the density n is variable, additional hypothesis are required on the
mapping n 7→ p(n), describing the pressure of the carrier phase. Here, the function p ∈ C2 is such that

p′(n), p′′(n) > 0 for any n > 0 and lim
n→+∞

p(n)/n = +∞.

Being determined up to an additive constant, we assume the additional condition p(0) = 0. In addition, we focus on the case
p′(0) = 0, a relevant case being the form p(n) = Cnγ with C > 0 and γ > 1, usually referred to as γ-law.

∗Université Côte d’Azur, Inria, CNRS, LJAD, Parc Valrose, F-06108 Nice, France. Email: thierry.goudon@inria.fr
†CentraleSupelec, Labo. MICS, F-91192 Gif-sur-Yvette, France. Email: pauline.lafitte@centralesupelec.fr
‡Dipartimento di Matematica Guido Castelnuovo, Sapienza, University of Rome, Italy. Email: corrado.mascia@uniroma1.it

1



We are specifically interested in the flowing regime, where the scaling parameter ε –related directly to the Stokes settling time
which, roughly speaking, measures the strength of the drag force– is small: 0 < ε� 1. As ε→ 0, we guess that

fε(t, x, v) '
ρε(t, x)√

2πθ
exp

(
−|v − uε(t, x)|

2

2θ

)
,

which makes the Fokker-Planck operator Luεf := ∂v
{
(v−uε)f+θ∂vf

}
vanish. Therefore, in this regime we expect to describe

the dynamics by means of macroscopic quantities. Formally, we infer the first-order system{
∂tρ+ ∂x(ρu) = 0,
∂t(ru) + ∂x

{
ru2 + p(n) + θρ

}
= 0.

where r := ρ+ n is called hybrid density, sum of the densities ρ and n of the disperse and the carrier phases, respectively, to be
augmented with an additional equation for the unknown n.

A corresponding hyperbolic-parabolic modification is obtained by formally deriving second-order diffusive corrections in the
same spirit as the Chapman-Enskog procedure leads to the Navier-Stokes equations, keeping track of the O(ε)-terms. Thus, we
end up with two different type of description depending on the evolution equation considered for the variable n.

As a warm-up, we focus on the case nε = 1, regarded as a sort of “incompressible” description (such term is used here with
a different meaning with respect to the standard fluid-dynamic one). In this manifestation, we obtain the viscous Burgers fluid-
particle system, given by

(vB) ∂t

(
ρ
ru

)
+ ∂x

(
ρu

ru2 + θρ

)
= ε∂x

((
(ρu2/r + θ)/r2 −ρu/r3
−θρu/r θρ/r

)
∂x

(
ρ
ru

))
.

Next, we move to the coupling with Euler equations, where the density of the carrying fluid is driven by the conservation law
∂tnε + ∂x(nεuε) = 0. The corresponding viscous Euler fluid-particle system is

(vE) ∂t

 r
ρ
ru

+ ∂x

 ru
ρu

ru2 + p(n) + θρ

 = ε∂x

D(r, ρ, ru) ∂x

 r
ρ
ru

 ,

where

D(r, ρ, ru) =
ρnp′

r2

 0 0 0
−1 1 0
0 0 0

+ θ

 0 0 0
0 n2/r2 0

−ρu/r 0 ρ/r

 .

For both models (vB) and (vE), we focus on viscous shock profiles, viz. special solutions with the form (ρ, n, u)(t, x) = W(y)
where y := x − ct for some c satisfying the standard Rankine–Hugoniot condition. In the talk, after a short presentation of
both models, a detailed description on existence of shocks is provided in both small and large amplitude regimes with specific
attention to the temperature-less regime.
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